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Abstract 

We consider a bounded connected open set Q C R d whose boundary 
T has a finite (d — l)-dimensional Hausdorff measure. Then we define 
the Dirichlet-to-Neumann operator D on L 2 (T) by form methods. The 



X 



operator — D is self-adjoint and generates a contractive Co-semigroup 
S = (St)t>o on L 2 (T). We show that the asymptotic behaviour of S t 
as t — y oo is related to properties of the trace of functions in H l (Q) 
which Q may or may not have. 
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1 Introduction 

Throughout this paper Q is a bounded, connected, open set in R d with boundary T. We 
consider the (d — l)-dimensional Hausdorff measure a on T, where d > 2 and assume 
throughout that cr(T) < oo. The purpose of this article is to define the Dirichlet-to- 
Neumann operator Do on L 2 (T) under these mild assumptions on Q and to study the 
semigroup (S t )t>o generated by — D on L 2 (T). 

For this purpose we define at first the trace in the following way. Given u G H 1 ^), a 
function ip G -^(r) is called a trace of u if there exists a sequence (w n )neN i n H 1 (Q)nC(Q) 
such that lmij^oo u n = u in H 1 (Q) and limn^oo u n \r — <p> in L 2 (T). The trace may not be 
unique (see Example I4.4p . If u has a trace, then u G if 1 (fi), the closure of if 1 (f2) fl C(Q) 
in if 1 (fi). The space if 1 (fi) may be a proper subset of i/ 1 (fi) and in general not every 
u G H 1 ^) has a trace. 

Next we define the (weak) normal derivative via Green's formula. Let u G H l {Vt) be 
such that Au G L 2 (Q) as distribution. We say that u has a normal derivative in -^(r) 
if there exists a ip G -^(r) such that 



/ ( Am) v + V« • Vi> = ipvda 
Jn Jn Jr 



for all f G if 1 (fi) fl (7(^2). In that case ?/> is unique. We set ^ :— ip and call it the normal 
derivative of u. Now we define the Dirichlet-to- Neumann operator Do on L 2 {F) as follows. 
Given <p, if; G -^(r), we say that ip G D(Dq) and DoV 9 = ^ if there exists a it G H 1 ^) such 
that Aw = as distribution, ip is a trace of «, the function -u has a normal derivative in 
L 2 (r) and Q± = if). Even though the function u might not have a unique trace, we shall 
prove that the operator D is univocal. In fact, D is a self-adjoint operator on L 2 (T) 
and —D generates a positive Co-semigroup S on L 2 (r) satisfying Stir = lr for all £ > 0. 
This is true without any regularity hypothesis on Q (besides cr(r) < oo). One purpose of 
this paper is to show that diverse properties concerning the asymptotic behaviour of St as 
t — Y oo are related to properties of the trace, which in fact are properties of Q, which Q 
may or may not have. 

Here are our main results. 

A. Strong convergence of S. We say that the trace on Q is unique if the function 
ip = G ^(r) is the only trace of u = G H l (Q). Then every element of H 1 ^) has at 
most one trace. This is true in many cases, but not in general. Define P: L 2 (T) — > L 2 (T) 

b y^=(^)/r^ 1 r- 

Theorem 1.1 The following are equivalent. 

(i) The trace on Q is unique. 

(ii) dim(ker D ) = 1. 

(iii) lim^oo S t <p = P<p for all <p G L 2 {T). 

(iv) S is irreducible. 

The irreducibility of S is surprising since the boundary T need not be connected (con- 
sider an annulus for example). Thus this result reflects somehow that the operator D is 
not local. 



B. Norm convergence of S. We emphasize that in general not every element in H 1 ^) 
has a trace and if it has a trace, then it might not be unique. We next characterize when 
both properties are valid, i.e. every element of iJ 1 (fi) has a trace and this trace is unique. 
This is true for example if Q has a Lipschitz boundary. 

Theorem 1.2 The following are equivalent. 

(i) lim^oo S t = P in C(L 2 (T)). 
(ii) There exists a c > such that 

/ \u\ 2 <c |Vw| 2 
Jt Jn 

for all u G H l (Q) n C(U) with f v u = 0. 
(hi) There exists a c > such that 

u\ 2 <c( |Vw| 2 + / \u\ 2 
r Wn in 

for ail ue ^(njncp. 

(iv) Every u G H 1 ^) has a unique trace. 
(v) 2<r«(A,)- 

C. Compactness of the resolvent. We shall show that the operator Do has compact 
resolvent if and only if every u G H l (Q) has a unique trace Tr u and the map Tr : H 1 ^) — > 
L 2 (r) is compact. This implies that the embedding if 1 (fi) — > L 2 (f2) is also compact. We 
construct, however, a bounded domain with continuous boundary and with cr(T) < oo, such 
that Dq does not have compact resolvent (even though the embedding H l (fi) = /J 1 (Q) c — >■ 
L 2 (fi) is compact since the boundary is continuous). 

The Dirichlet-to-Neumann operator is a well-known object occurring in many applica- 
tions. In general it is considered on domains of class C°°, though, see e.g. the monograph 
of Taylor |Tayl| |Tay2| |Tay3| . Then the operator fits into the framework of pseudo- 
differential operators and also semigroup properties are studied [Esc] |Eng| . Our point is 



the very general variational definition which allows an easy approach also for rough do- 
mains. On the other hand, the questions concerning trace properties which we investigate 
here become delicate. They are the main subject of the paper. Some of the trace properties 
considered here are related to investigations of the Laplace operator with Robin boundary 
conditions on arbitrary domains as in [Dan] . see also |AW] . 

The paper is organized as follows. In Section [2] we consider the asymptotic behaviour of 
Markovian semigroups. This section is independent of the Dirichlet-to-Neumann operator. 
In Section [3] we prove the existence and uniqueness of the Dirichlet-to-Neumann operator 
on rough domains and show that it is a self-adjoint operator which generates a Markovian 
semigroup. In Section H] we prove Theorem ll.il In addition we give other characterizations 
of the uniqueness of the trace in terms of the form associated to the Laplacian with Robin 
boundary conditions and in terms of the relative capacity. In Section Owe define the trace 
as a mapping and study its properties. In Section [6] we characterize when every element of 



H 1 ^) has a trace. Moreover, we prove Theorem ll.2[ In Section [7] we characterize when 
the map u i— > u\r from (if 1 (f2) nC(fi), || ■ ||#i(n)) into L 2 (T) is compact. Theorem 11.21 and 
the compactness of the trace can be reformulated in terms of the form associated to the 
Laplacian with Robin boundary conditions. This is done in Section |HJ Finally, in Section M 
we present two striking examples. 

Throughout this paper the field is R and we only consider univocal operators. 

2 Asymptotic behaviour of markovian semigroups 

In this section we put together some asymptotic properties of markovian semigroups. At 
first we consider a self-adjoint semigroup, i.e. a semigroup consisting of self-adjoint 
operators. 

Proposition 2.1 Let S be a contractive Co-semigroup of self-adjoint operators on a Hilbert 
space H . Then 

P s f = lim S t f 

t— >oo 

exists for all f G H and P$ is the orthogonal projection onto ker A, where —A denotes the 
generator of S. 

Proof By the spectral theorem we may assume that H = L 2 (Y), D(A) — {/ G L 2 (Y) : 
m f G L 2 (Y)} and Af — mf for all / G D(A), where (Y, E, jj) is a locally finite measure 
space and m: Y — > [0, oo) is a measurable function. Then ker A = {/ G L 2 (Y) : f = 
a.e. on Y \ Yq}, where Yq = m -1 ({0}). The orthogonal projection P$ onto ker A is given 
by P s f = ly /• Moreover, S t f = e~ tm f for all £ > and / G L 2 (Y). Now the claim 
follows from the Lebesgue dominated convergence theorem. □ 

Next we consider a finite measure space (T, E, a). A Markov operator T on L 2 (T) 
is an operator satisfying Tt-p = lp and Tf > for all / G L 2 (T) with / > 0. As a 
consequence TL 00 (r) C L^T) and T^°°) := T^^^) is contractive. If T is a self-adjoint 
Markov operator on L 2 (T), then T is contractive for the Li-norm. Hence for all p G [1, oo] 
there exists a unique T^ G C(L p (Y)) such that T^/ = Tf for all / G L P (Y) n L 2 (F). 
Moreover, ||T^||£(^ (y)) < 1. The operator T^ is the adjoint of the operator T^\ 

A Co-semigroup 5 on L 2 (T) is called irreducible if for each r x G E with 

sMTt) c l 2 (t x ) 

for all t > it follows that cr(Tx) = or a(r \ Ti) = 0. Here, and in the sequel, we 
let L 2 (Ti) = {/ G L 2 (y) : / = a.e. on T \ Tx}. A Markov semigroup on L 2 (r) is a 
Co-semigroup 5 on I/2CO such that St is a Markov operator for all t > 0. In that case 
(/S t ) i>0 is a positive contractive Co-semigroup on L p (T) for all p G [l,oo). Moreover, 
R lr C ker A, where —A is the generator of S. 



Proposition 2.2 Let S be a self-adjoint Markov semigroup on L 2 {T). Then S is irre- 
ducible if and only 2/ ker A = Rlr, where —A is the generator of S. 



Proof W. This follows from Nag Section C-III, Proposition 3.5(c). 

'«='. Let r\ G E be such that 5 t L 2 (ri) C ^(T^ for all £ > 0. Set T 2 := T \ r\. 
Then I/ 2 (r 2 ) = /^(Ti)- 1 - and since St is self-adjoint, it follows that S t L 2 (T 2 ) C L 2 (T 2 ) 



for all t > 0. Now l^ + lr 2 = lr = Stir = Stlri + S*lr 2 by assumption. Moreover, 
Stir. € Li(Tj) vanishes outside Tj for all j G {1, 2}. Hence S^lri = Iri for all t > 0. This 
implies that lr x G ker A Since ker A = R l r by assumption, it follows that <t(Ti) = or 
a(r 2 )=0. □ 

Next we show that a self-adjoint Markov semigroup is irreducible if and only if it 
converges to an equilibrium. For all / G Li(T) define 

PS =wU s >- (1) 

Then P defines a positive contractive projection on L P (T) for all p G [1, oo]. 

Theorem 2.3 Let S be a self- adjoint Markov semigroup on L 2 (T). The following are 
equivalent. 

(i) S is irreducible. 

(ii) There exists a p G [1, oo) such that lim^oo Sj: f = Pf in L p {T) for all f G L p (V). 

(iii) For all p G [1, oo) one has lirn^oo S). f = Pf in L p (Y) for all f G L p (T). 



Proof '(i)=>(ii)'. If S is irreducible, then kerA = R lr by Proposition 12. 2[ where —A is 



the generator of S. Then the operator P defined in ([I]) is the orthogonal projection onto 



ker A. Then Statement (ii) follows from Proposition 12.11 

'(ii) =>(iii) • Let p G [l,oo) and suppose that linn._s.oo S\ f = Pf in L P (T) for all / G 
L-(r). If / G L P (T) then ||S t (1) / -P/||i < (<r(r))* -1 ||,sW/ -P/|| P for all £ > 0. Therefore 
lim^oo SJpf = Pf in L^T). Since L p (r) is dense in L 1 (T) and {P} U {S 4 (1) : t > 0} 
are uniformly bounded in C(Li(T)) it follows that hmt_ > . 0O jS' t / = P/ in Li(r) for all 

feL 1 (v). 

Finally, let g G (1, oo). If / G L^T) then by interpolation 
\\S { t q) f - Pf\\ g < \\sPf - Pf\\\ ||S<°°>/ - Pf\\ l J < \\sPf - Pf\\\ (2||/|| c ^ e 



oo; 



where 9 = -. So lim t _ >0O 5'j / = P/ in L g (T). Since Loo(r) is dense in L q (T) the claim 
follows as before. 

. Let / G ker A. Then S t / = / for all t > 0. Consequently / = Pf G Rl r . 



in 



We have shown that ker A = Rlr. It follows from Proposition 12.21 that S is irreducible 



and (i) is valid. □ 



If A is a self-adjoint operator, then G" cr ess (y4) means by definition that is not an 
accumulation point of o~(A) and ker A is finite dimensional. Thus if S is a self-adjoint 
irreducible Markov semigroup with generator —A then it follows from Proposition 12.21 that 
G" a ess (A) if and only if there exists an e > such that a (A) fl [0, e) = {0}. In the next 
theorem we reformulate this by saying that St converges in the operator norm as t — > oo. 

Theorem 2.4 Let S be a self-adjoint irreducible Markov semigroup on L 2 (T) with gener- 
ator —A. The following are equivalent. 

(i) 0^a css (A). 



(ii) lim^oo S t = P in C(L 2 (T)). 

(iii) There exists an e > such that \\S t — P\\c(l 2 (t)) < e _et for all t > 0. 

In that case one also has Hindoo Sf = P in £(L P (T)) for all p G (1, oo). 



Proof ' (i) =}> (iii) ' . We consider the situation in the proof of Proposition 12. 1[ which was 
obtained via a unitary transformation. Since S is irreducible one has dimkerA = 1. Then 
the hypothesis qL a ess (A) implies that there exists an e > such that a (A) fl [0, e) = {0}. 
Then m(y) > e for a.e. y G Y \ Yq. Thus 

II C 7311 || C 7311 ||„— tm\\ s- „—£t 

for all t > 0. 



m 



n 



(ii) is trivial. 

i) . The space H\ = (I — P)(L 2 (T)) is invariant under S and lim^oo ||5t||/;(Hi) = 
0. Since S is self-adjoint, by the spectral theorem, this implies that there exists an e > 
such that 1 1 5*1 1/;^) < e~ £t for all t > 0. Again by the spectral theorem this implies ( 



Finally we assume that (ii) is valid. Let p G (1,2). Let 8 G (0,1) be such that 
l = f + ^.Then 

||C(P) p|| <rll«?W P\\ 9 II Q (2) 73||l—6l <- o6 II c( 2 ) 7-»||l— 

IP* - ^||£(L p (r)) ^ IP* - -^ll^i^r)) IPt - ^II^LaCr)) - z H D * " ^N>c(Za(r)) 

for alH > since S^ is a contraction semigroup. Therefore lim^oo S^ = P in £(L p (r)). 
The proof for p G (2, oo) is similar, or follows by a duality argument. □ 

The harmonic oscillator on a weighted space (see |Dav] Theorem 4.3.6) shows that the 
last assertion is not true, in general, for p = 1 even if A has compact resolvent. 

3 The Dirichlet-to-Neumann operator on arbitrary 
domains 

In this section we will define the Dirichlet-to-Neumann operator Dq on L2CO as a self- 
adjoint operator, and we will show that —.Do generates a Markov semigroup. 

Definition 3.1 Let u G H 1 (Q) and ip G -^(r). We say that tp is a trace of u if there exist 
Ui,u 2 , . . . G H 1 ^) fl C(Q) such that lim u n = u in if 1 (f2) and lim u\y = <p in ^(T). 

It is well possible that there are different elements of -^(r) such that they are both a 
trace of the same element of H l (Q) (see Section H]). Clearly if u G H 1 ^) has a trace then 

Next we define the normal derivative |^ by the Green's formula as follows (cf. [AMPRJ 
|AM] for the case that Q has a Lipschitz boundary). If u G Li^\ oc (VL), then we denote by 
Au G T>(p)' the distributional Laplacian applied to u. 

Definition 3.2 Let u G H 1 ^) be such that Au G L 2 (fi). We say that u has a normal 
derivative in L 2 (T) if there exists a "0 G ^(r) such that 

(Au)v+ / Vm- Vf = / rpv (2) 

o Jn Jt 



for all v G H 1 ^) fi C(tt). In that case ip is uniquely determined by (J2J), we write ^ :— if) 
and call ^ the normal derivative of u. 

To see uniqueness of the weak normal derivative, observe that by the Stone- Weierstrafi 
theorem the space {v\r '■ v G V(R d )} is dense in C(T) for the uniform norm and therefore 
also in L 2 (Y). 

Now we are able to define the Dirichlet-to- Neumann operator D on L 2 (T). It is part 
of the following theorem that the operator D is well defined, i.e. univocal, even though 
an i7 1 (f2) function might have different functions in L 2 (T) as a trace. 

Theorem 3.3 There exists an operator Dq on L 2 (T) such that the following holds. Given 
ip,ip G ^(r) one has tp G D(Dq) and D^ip = if) if and only if there exists a u G if 1 (f2) 
satisfying 

• Am = ; 

• Lp is a trace of u, and, 

du 

• u has a normal derivative in L 2 (T) and — — = if). 

Moreover, the operator D is positive and self-adjoint. 

Here and in the sequel we always consider the operator A in the distributional sense. 

For the proof of Theorem [33] we will need a generation theorem proved recently in [AE] 
which is valid for arbitrary sectorial forms (without any closability condition). We recall a 
special case of it. 

Theorem 3.4 Let D(a) be a real vector space and let a: D(a) x D(a) — y R be bilinear 
symmetric such that a(u) := a(u,u) > for all u G D(a). Let H be a (real) Hilbert space 
and let j: D(a) — )■ H be linear with dense image. Then there exists an operator A on H 
such that for all Lp,i/j G H one has ip G D(A) and Aip = if) if and only if there exists a 
sequence U\,u 2 , . . . G D(a) such that 

(a) lim a(u n — u m ) = 0, 

n,m— >oo 

(b) lim j(u n ) = ip in H, and, 

n—¥oo 

(c) lim a(u n ,v) = (ipiJ( v ))H for all v G D(a). 

n— >oo 

Moreover, A is positive and self-adjoint. 

Proof See |AE] . Theorem 3.2 and Remark 3.5. □ 

We call A the operator associated with (a,j). Besides Theorem 13 A\ for the proof 
of Theorem I3.3[ we need the following remarkable inequality due to Maz'ya: There exists 
a constant cm > such that 

|w| 2 <c M ( / \Vu\ 2 + j \uf"j (3) 



for all u G H 1 ^) fl C(Q). It was Daners ( |Dan] ) who showed how this inequality can be 
used efficiently for elliptic and parabolic problems. In fact, a stronger inequality is valid. 
It follows from Example 3.6.2/1 and Theorem 3.6.3 in |Mazj and (19) in |AWj that there 



exists a constant c' M > such that 



for all u G H 1 ^) fl C(fi), where q = -rj^-. This inequality implies the following important 
compactness property (see |Mazj Corollary 4.11.1/3). 

Proposition 3.5 The space H 1 ^) fl C(Q) with norm 

II II 2 / Iw 1 2 i / l 1 2 

is compactly embedded into Z^^)- 



In the proof of Theorem 13.31 we need the following form. Define the form £ with form 
domain D(£) = H\tt) n C(H) by 

£(u,v) = / Vu- Vv. 
Jn 

The form £ is used throughout this paper. 

Proof of Theorem GE3 Let H = L 2 (T). Let j: D(£) -> L 2 (r) be defined by j(«) = u| r . 
Then clearly j has dense range. Denote by A the operator associated with (£,j) in the 
sense of Theorem 13.41 We shall show that A has the properties of Do. 

Let (p,ift g -^(O- 

Assume that </? G -D(A) and Ay? = -0. Then there exists a sequence ui, u 2 , ■ ■ ■ G -D(£) 
such that lim J n |V(it n — « m )| 2 = 0, lim u n \r — <p in 1*2 CO and 



n,m— »oo 



lim / V« n ■ Vf = 1JJV (5) 

n ^°° in ir 

for all v G D(£). It follows from Maz'ya's inequality ([3]) that (-u n ) neN is a Cauchy sequence 
in i^ x (fi). Let w := lim u n in if 1 (fi). Then tp is a trace of u, by definition. Moreover, by 

(J5J) we have 

/ Vw • Vf = I ipv 
Jn Jt 

for all f G -D(£). Taking t> G C^°(Q) we see that Aw = 0. Consequently, 

/ (Au) v+ VuVv = ipv 
Jn Jn Jt 

for all v G D(£). Therefore u has a normal derivative in L2CO anc ^ |^ = V' by Definition ^. 21 

Conversely, suppose there exists a w G H l (Q) such that Am = 0, the function <p is a 

trace of w, the function u has a normal derivative in L 2 (T) and ^ = ip. Then there exist 



U\,u 2 , . . . G D(£) such that lim u n = u in H 1 (Q) and lim w n |r = p in ^(r). It follows 

n— >oo n— >oo 

that lim £(u n — u TO ) = and, since Au = 0, 



n,m— »oo 



lim £(w n , u) = lim / Vw n • Vw = / Vw • Vt> = / Vw • Vi> + / (Am) v = 
n ^°° n ^°°Jn Jn Jn Jn Jv 



r 



for all v G D(£) by the definition of 0. Hence y? G D(A) and Ay? = ■0. 

Therefore the operator with the properties of Dq is well defined and equals A. In 
particular D is positive and self-adjoint. This completes the proof of Theorem 13.31 □ 

In the proof of Theorem 13.31 we also proved the following important fact, which will be 
used later. 

Proposition 3.6 If j: D(£) — > L 2 (T) is defined by j(u) = u\r, then D is the operator 
associated with (£,j)- 

We now show that the semigroup generated by —Dq is markovian. 

Proposition 3.7 The Co-semigroup S on ^(r) generated by —Dq is markovian, i.e. St > 
and S t lr = lr for allt>0. 

Proof First we prove that S is positive. Let L 2 (T) + — {f E L 2 (T) : ip > 0} be the 
positive cone in L 2 (T). The orthogonal projection from L 2 (T) onto L 2 (T) + is given by 
ip i-)- tp + . Let u G H\Q) n C(H). Then u + E D(£) and j(u+) = (j(u)) + . Moreover, 
£(u + ,u — u + ) = —£(u + ,u~) = — f n V(u + ) ■ V(w~) = since Dj(u + ) = l[ u> o]DjU and 
Dj(u~) = —l[ u< o]DjU. Hence S is positive by Remark 3.12 in |AEj . 

Since l r G D(D ) and D l r = it follows that S t l T = l r for all t > 0. □ 

4 Uniqueness of the trace and irreducibility 

In general an element of H 1 ^) might have more than one trace. This happens if and only 
if the vector space {<p G L 2 (T) : ip is a trace of 0} of degenerate traces is non-trivial. By 
|AEj Lemma 4.14 there exists a Borel set r ff cr such that 

{ip G L 2 (T) : p is a trace of 0} = L 2 (T \ T a ). 

Thus for all p G L 2 {T) one has </? G L 2 {T \ T a ) if and only if there exist U\,u 2 , ■ ■ ■ G 
H 1 ^) fl C(Q) such that lim || UnHi^m) — and lim u n \r = p in ^(r). We say that the 

trace on Q is unique if a(T \ T a ) = 0; i.e. if L 2 (T \ r CT ) = {0}. This is equivalent with 
the fact that every element of H 1 ^) has at most one trace. 

Note that if a(T \ T a ) > then the space T \ r^ is non-atomic since d > 2 (see [Frej . 
Exercise 264Yg). Hence dimL 2 (r \ T a ) = oo if a(T \ T a ) ^ 0. 

It follows from the definition of the operator Dq that L 2 (T \ r CT ) C kerDo. We next 
characterize ker Do. In the proof we use that Q is connected. 

Proposition 4.1 One has ker D = R l r + L 2 (T \ Y a ). Hence if a(T \ T a ) = 0, then G 
a p (D ) with multiplicity 1 and if o~(T \ T a ) > 0, then G ct p (Dq) with infinite multiplicity. 



Proof Let ip G ker Dq. By Theorem 13.31 there exists a«6 H 1 ^) such that Am — 0, <p is a 
trace of it and is the normal derivative of it. Then j n V«- Vi> = for all t> G i/ 1 (f2)nC(r2). 
Approximating it by elements in i^ 1 (fi) fl C(fi) gives L |Vit| 2 = 0. Since f2 is connected, 
one deduces that u is constant. So ker Do C Rl + L 2 (T \ T a ). The reverse inclusion is 
clear. □ 

Proof of Theorem 11.11 Theorem 11.11 is a consequence of Theorem 12.31 and Proposi- 
tions E2 and SZQ □ 

If fl is a Lipschitz domain, then H 1 (fl) = H 1 ^) and there exists a c > such that 

\u\ 2 <c||u||^i (n) 
r 

for all u G H x {fl) n C(O). This implies in particular that the trace on fl is unique. For 
general fl it follows immediately from this result that the trace on fl is unique whenever 
there exists a Borel set A C T with a(T \ A) = such that for each point zeA there exists 
an r > such that B(z, r) fl V is a Lipschitz graph with B(z, r) n fl on one side. 

There is another characterization for the uniqueness of the trace on fl which involves 
the relative capacity on fl. If A C T is any set, then the relative capacity of A with 
respect to fl is introduced in [AWj by 

c&p n A = inf{||w||^i/ n N : u G iD(f2) and there exists an open V C R d such 

that AcV and u > 1 a.e. on fl (1 V}. 

Again another characterization is in terms of the Laplacian on fl with Robin boundary 
conditions. Define the form an with domain D(o,r) = H l (fl) fl C(fl) by 



ajt(u,v) = / V« ■ Vf + uv. 
Jn Jt 

Then D(cir) is a pre-Hilbert space with norm \\u\\l R = (Ir{u) + |Mli 2 m)- O ur second 
characterization of uniqueness of the trace is as follows. 

Proposition 4.2 The following conditions are equivalent. 

(i) The trace on fl is unique. 

(ii) The form clr is closable. 

(iii) For every Borel set B C T with ca.p n B = one has o~(B) = 0. 



Proof '(i) =>(ii) '. Let ui, U2, . . . G D(clr) be a Cauchy sequence in D(an) with \imu n = 
in L 2 {fl). Then Ui,u 2 , ... is a Cauchy sequence in H 1 ^) and Ui\r,u 2 \r, ... is a Cauchy 
sequence in L 2 (T). Hence u := limit n exists in H 1 (fl) and tp := limtt n |r exists in L 2 (T). 
Then u = since limits = in L 2 (fl). But the trace on fl is unique. So tp — and 
consequently lim au(u n ) = 0. We have shown that a^ is closable. 

'(ii)=>(i) . Let Ui,u 2 ,... G i7 1 (il) fl C(O), y> G -^(r) and suppose that limtt n = 
in H l (fl) and limtt n |r = <p in -^(r)- Then it 1 ,w 2 ,... is a Cauchy sequence in D(aR). 
Moreover, limit n = in L 2 (fl) and a# is closable. Therefore lim OR(-u n ) = 0. This implies 
that limttnlr = in L 2 (T) and <p = 0. 




Figure 1: An example of a domain where o~(T \ T a ) > 0. In fact, the whole gray rectangle 
belongs to T \ Y a . 



ii)^(iii) . This is Theorem 3.3 in JAW] . 



□ 



The set T a can also be described in a different way. One says that a is admissible if 
Property 



of Proposition 14. 21 holds. If a is not necessarily admissible, then there always 



m. 



exists a maximal admissible subset of T. More precisely, the following is valid. 
Proposition 4.3 There exists a Borel set S dT such that 

(a) cap n (r \ S) — and 

(b) if B C T is a Borel set with cap c S = 0, then a(B f| S) = 0. 

Proof See Proposition 3.6 in |AWj . □ 

It follows immediately from these two properties that the set S in Proposition 14.31 is 



cr-unique, i.e. if 5*1 is another Borel set satisfying (a) and (b) , then <r(Si AS) = 0. If follows 
from the last paragraph of Section 3 in |AW] that r CT equals S up to cr-equivalence, i.e. 
a(T a AS) = 0. 

In |AW] Proposition 5.5 it is shown that always cr(r a ) > 0, without any regularity 
assumption on the boundary (besides a(T) < oo). Moreover, in |AWj Example 4.3 an 
example of a bounded connected open subset O C R 3 is given such that a(T) < oo and 
cr(r\r cr ) > 0. A slightly easier example is as follows, which is a modification of an example 
at the end of Section 3 in [BGj . It also has the property that H 1 ^) = if 1 (fi). 

Example 4.4 (Uniqueness of the trace) For all (x , y ) E [0, 1] x [0, 1] and r > let 

C(x ,y ;r) = {(x,y,z) e R 3 : \(x - x ,y - y )\ < r and z G [0,1]} 

be the closed cylinder with axis parallel to the z-axis, radius r, height 1 and standing on 
(xo, J/o,0). Let 

oo n— 1 

O = Int (([0, 1] x [0, 1] x [-1, 0]) U |J U C ( 2 ~ n ' I ^ 4_ ") 

n=l fc=l 
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(See Figure [TJ) Then Q is bounded, connected and (r(T) < oo. For all m G N define 
u m e H\n) n C(H) by 



«, 



l (x,y,z) = (0V(3 m 2) Al)l [0) 2—44—](a:). 



Then ||«m||^i (n) < E^Lm 7 ^ 4 "*" + 3 2m 4" 2 ™) for all m G N, so limw m = in tf 1 ^). 
Since < u m < 1 for all m G N it follows from the Lebesgue domination convergence 
theorem that lim« m |r = l{o}x[o,i]x[o,i] i n ^(T). So {0} x [0,1] x [0, 1] C T \ T a , up to 
a-equivalence. 

Let u G H 1 (fl)r\L oc (Q). Define v m := u(t—u m ) for all m G N. Then v m has a support in 
a subdomain of fi with a Lipschitz boundary. So v m G fZ^fi). Clearly sup m ||wWm||.H" :L (n) < 
oo. Therefore the sequence v\,V2,.-. has a weakly convergent subsequence in if 1 (f2). 
Moreover, \imuu m = in Z^C^)- Hence w G ii/ 1 ^). Since H 1 ^) D Loo(fi) is dense in 
F x (0) it follows that F x (0) C Zf^fi). Thus ff^fi) = H 1 ^). 

In the above example the trace does not exist for each u G H 1 ^). We do not know 
whether universal existence of a trace implies its uniqueness. More precisely, suppose that 
every element of H l (Q) has a trace. Does this imply that the trace on Q is unique? 

5 Mapping properties of the trace 

Let Hl(Q) be the set of all u G H l (Q) for which there exists a (p G -^(r) such that ip is a 
trace of u. Obviously, if 1 (fi) fl C(fi) C H\(Tt). It follows from the definition of the space 
H^(fi) and the set T a that there exists a unique map 

Tr:Hl(Q)^L 2 (r a ) 

such that Tr« is a trace of u for all u G H^(Q). Then Trw = ii|r CT a.e. for all u G 
i/ 1 (r2) R C(£l). Since Tr-u is a trace of u it follows from the Maz'ya inequality ([3]) that 

[ \u\ 2 < c M (f \Vu\ 2 + f \Tr u\ 2 ^= c M (f \Vu\ 2 + f |Tru| 2 ) (6) 

for all u G iZ*(fi), where we used that (Tru)|r\r CT — 0. Hence one can define the norm 
II • || #1(0) on Hl(9) by 

II Il2 / |T-7 |2 i / iT-i |2 

IMItfi(n) = / l V H + / \ Ttu \ • 

Obviously Tr:H^(ft) — >■ L 2 (r CT ) is continuous. We emphasize that in general the map 
Tr:(Hl(Q),\\ ■ ||#i(n)) — > L 2 (T a ) is not continuous. A counter example is in |Danj Re- 
mark 3.5(f). It follows from ([H]) that the norm || • ||#i(n) is equivalent to the norm 

u^ [\\u\\ 2 H i (n) + \\Tiu\\ 2 L2ira) j . 
In particular H^(Q) is a Hilbert space with inner product 

(u,v) H i(fy = / Vu ■ Vv + / TtuTtv 
Jo, Jy 
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and Hp(p,) is continuously embedded in L 2 (Q). 

The aim of this section is to study the map Tr . Before doing so, in the following 
remark, we show how the space H^(Q) can be used to give an alternative description of 
the Dirichlet-to-Neumann operator. 

Remark 5.1 The space D(£) has the norm 

1/2 



MH- [ / [Vwf + / \u\ 

First we describe the completion of D{£). Define $: D{£) -> H^) ® L 2 (T \T a ) by $(w) = 
(-u, -u|r\r CT )- Then $ is an isometry with dense range. Therefore the space H^(Q)(BL 2 (T\T a .) 
is 'the' completion of D(£) and we identify D(£) with Q(D(£)) in the natural manner. Define 
the form I with form domain D{£) = #*(fi) ® L 2 (T\T a ) by 

£{{u,<p),(v,if>)) = I 'Vu-Vv (7) 

and define the map j: H^(Q) © L 2 (T \ T a ) — > L 2 (r) by j(u,ip) = Tru+ <p. Then £ 
and j are the continuous extensions of £ and j, where j:D(£) — >■ £ 2 (T) is defined by 
j(m) = w|r- Therefore _D is the operator associated with (£, j) by [AEJ Proposition 3.3. 
Hence if ip, ip G -^(r), then ip G D(Dq) and -DoV 9 = ^ if and only if there exists a 
u G #*(fi) © L 2 (r \ r CT ) such that ](u) = ip and 

£{u,v) = {i)~j{v)) Lm (8) 

for all v G #£(£}) © L 2 (r \ r CT ). The latter follows from [AE] Theorem 2.1. Then it follows 
immediately from flSJ) that the range of -Do is contained in L 2 {T a ). 

We will need the following apparently weaker description of the trace. 

Lemma 5.2 Let u G L 2 (Q) and ip G L 2 {T). Suppose there exist ui,u 2 ,... G H l (Q) fl 
C(Ji) such that hmw n = u weakly in L 2 (Q), limM n |r CT = y>|r CT weakly in L 2 {T a ) and 
sup Hwnllff" 1 ^) < oo. Then u G H^(Q) and <p is a trace of u. In particular, Trw = <ptr a - 

Proof The sequence Ui,u 2 , ... is bounded in H l (D,) and the sequence Mi|r CT) u 2|rV) • • • 
is bounded in L 2 (T a ). Therefore the sequence U\,u 2 , ... is bounded in Hl(Q). Since the 
unit ball is weakly compact it follows that, after passing to a subsequence if necessary, the 
sequence Ui,u 2 , ... is weakly convergent in H^(Q). So u G H^(Q). Since the map Tr is 
bounded from H^(Q) into L 2 (r CT ), it is also weakly continuous. Hence Tru = limTr« n = 
limti n |r CT = p\ ra weakly in L 2 (T a ). So ^1^ = y?|r CT is a trace of u. Moreover, <^lr\r CT is a 
trace of 0. Then p is a trace of u. □ 

We collect some algebraic properties of the trace. 
Proposition 5.3 

(a) If 'u G H^ip) fl Loo(r2), t/ien Tru G L 00 (r CT ) and HTml^ < ||w||oo- Moreover, there 
exist Ui,u 2 , . . . G H l (Q) fl C(fi) suc/i that ||tt n ||oo < ||w||oo f or oil n G N, lim-u n = u 
in H l (VL) and lira u n \r = Tru in L 2 {T). 
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(b) The space H^(Q) fl Loo(fi) is an algebra and Tr (uv) = (Tru) (fti>) for all u, v G 

#2(fi)nLoo(n). 



Proof '(a)'. There exist iti,it 2 , • • • G if 1 (fi) fl C(fi) such that limu n = it in H l (Q) and 
limit n | r = Tru in L 2 (T). For all n G N set w n = (-M)Vw n AM G i^ 1 (fi)nC(n), where M = 
\\u\loo. Thenlimi;„ = (-M)VuAM = uinH 1 ^). Moreover, limv n = (-M)V(Trw)AM 

in L 2 (T). So (-M) V (Tru) A M is a trace of it and Tru = U-M) V (ft it) A ikf] l r<7 = 

(-M) V (Tru) A M. Then |ftu| < M a.e. Note that ||v n ||oo < NL for a11 n e N. 



'(b) . Let u,v G fl^(fi) H Loo(fi). By Statement (a) there exist Ui,u 2 , . . . ,Ul, i> 2 , . . . G 
H 1 ^) fl C(f2) such that limu n = it in if 1 (f2), limu n |r = Tru in L 2 (T), limi; ra = i> in 
J ff 1 (Q), limivjr = Tri> in £2 CO, and, moreover, ||u n ||oo < IMIoo and ||f n ||oo < Halloo for all 
n G N. Then u n i; n G i? 1 ^) D C(Q) for all n G N and 

||w„f n ||,H-i(Q) < ||Wn||ii" 1 (a) |Fn||oo + |p n ||oo II ^nlltf 1 ^) < ll^n ll/Z^Q) IMIoo + Halloo 1 1 *>,! 1 1 #1 (fi) 

for all n G N. So sup ||WnV n ||#i(n) < oo. Moreover, limu n v n = uv in L 2 (fl) and 
lim(u n v n ) |r = (ft u) (Tru) in I^CO- Therefore Lemma 15.21 implies that uv G i^(^) 
and Tr (it u) = (Tr u) (Tr v). □ 



The next lemma is a reformulation of Proposition 13.51 

Lemma 5.4 27te space H^(Q) is compactly embedded in L 2 (Q). 

Proof Let B = {u e H\tt) n C(H) : / fl |Vit| 2 + J r \u\ 2 < 2}. By Proposition ££9 there 
exists a set X C L 2 (il) which is compact in L 2 (f2) such that B <Z K. Let it G -f^(fi) and 
suppose that ||u||#i(Q) < 1- There are iti,it 2 , . . . G i/ 1 (fi) fl C(fi) such that limu n = it in 
H l (Q) and limit n |r = Tru in £2 CO- Then u n E B G K for large n and limit n = it in 
L 2 (Q). So u G K. □ 

Clearly Hq(JI) C {it G H^(Q) : Tru = 0}. If fi is a Lipschitz domain, then the converse 
is valid (see [Alt] Lemma A 6.10). We next give sufficient conditions for the converse 
inclusion, which allow Q to have a cusp. 

Proposition 5.5 Suppose there exists a closed subset K of V such that cap^fC = and 
for all z G T\K there exists an r > such that B(z, r) D T is a Lipschitz graph with 
B(z, r) n Vt on one side. Then 

{u G Hlitt) : Tru = 0} = fl£(fi). 

Proof We may assume that K ^ 0. Let it G H^(Q) and suppose that Tru = 0. We may 
assume that it is bounded. 

Let e > 0. We first prove that there exists a ip G if x (fi) such that < i/> < In a.e., 
II^IIh 1 ^) < £ an d w(l — i/>) G #^(0). Define the measure u on the Borel cr-algebra of Q 
by «(A) = \A fl fi|. Define the form h on L 2 (Q,fi) with form domain D(/i) = i^ x (f2) and 
/t(i>, iu ) = J* n Vi> • Viy. Then h is a regular Dirichlet form on L 2 (Q, u) and H x (f2) fl C(O) is 
a special standard core for h in the sense of |FUTj . Moreover, the relative capacity is just 
the capacity in |FUTj with respect to the Dirichlet form h on L 2 (Q,fi). For all m G N let 

K m = {xeU:d(x,K)<M. 
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Then K m is compact, i^iD^D ... and Dm=i ^ m = ^- So by |FOT] Theorem 2.1.1 
there exists an m G N such that cap n X m < e. Next, by |FOT] Lemma 2.2.7(h) there exists 
a ij; G H 1 (Q)nC(Q) such that ±K m < tp < 1 and H^Hjyvn) — £ - ^ ^ s an elementary exercise 
to see that there exists an open set Q' in R d with Lipschitz boundary such that fl \ K m C 
Q! C ft. Let r = 9(0'). If x G H 7 , then x G H. If x £ dVt U K m then x e fl\ K m C Of. 
So f C T U K m . By Proposition I5.ffia)| there exist Ui,u 2 , . . . G H 1 ^) fl C(f2) such that 
||w n ||oo < || u l|oo for all ngN, limit n = u in ^(fi) and hmw n |r = Trw = in ^(T). For 
all n G N define w n = (w„(l - tp))\ w G tf 1 ^') n C(I¥) and define « = 0(1 - ^))| rF . Then 

v n | 2 = / Mi - VOI 2 < / Mi - </OI 2 + / Mi - voi 2 < / W 2 - 

So limf n | r / = in L 2 (T'). Moreover, limf n = v in L 2 (fi') and sup Ht^lltf 1 ^') < sup ||u n (l — 
VOIIh 1 ^) < oo. So by Lemma 15.21 it follows that Tr^/f = 0. Since Q' has a Lipschitz 
boundary it follows that v G H%(tf) C f#(fi). Then up - ip) G #o(^)- 

Let n G N. By the above there exists a ijj n G H 1 ^) such that < ^ n < 1 a.e., 
11^11^(0) < J andti(l-^„) G Fq(^)- Then SU P IKl-VO 11^(0) < sup \\u(t-ip n )\\ H i {n) < 
oo. So n i— >■ u(l — -0 n ) has a weakly convergent subsequence in Hq(Q). Alternatively, 

llw^nlh < ||w||oo \\tpn\\m(n) < ~ \\u\\oc 
for all n G N, so limu(l — tf) n ) = u in L 2 (fi). Therefore u G .ff'g(fi). □ 

6 Existence of a trace on H l (Q) 

Recall that the trace Tr is defined on the subspace H^Q) of H 1 ^) and that in general 
the norm on H^(fl) is strictly larger than the norm induced from H 1 ^). In this section 
we characterize whether a trace exists on all of if x (f2). 

We say that fl has property (P) if there exists a c > such that 

/ \u-(u) Q \ 2 <c / |Vw| 2 
Jn Jn 

for all u G H 1 (fl) fl C(fl), where (u)q = wf\ J n u is the average of u on fl. 

Let Do be the part of the operator Dq in the space L 2 (r a ). Then Dq is a positive 
self-adjoint operator on L 2 (T a ). 

Theorem 6.1 The following conditions are equivalent. 

(i) H^(Q) = H 1 ^) as sets, i.e. every element of H 1 ^) has a trace. 

(ii) There exists a c > such that J r \u\ 2 < c J n \Vu\ 2 for all u G H 1 ^) fl C(fl) with 

/iv« = °- 
(hi) There exists a c > suc/i t/iat J r |w| 2 < c( J n |Vw| 2 + J n \u\ 2 ) for all u G H 1 (fl) n 

C(H). 
(iv) 0^a css (D ). 
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Moreover, if one of these equivalent conditions holds, the space H l (O) is compactly embed- 
ded in 1*2(0) and O has property (P). 



Proof '(i) =>(iii) '. If (i) is valid, then the norms on the spaces H^(Q) and i7 x (0) are 
equivalent by the closed graph theorem. Since Tr is continuous on H^(Q) this implies that 



iii) is valid. 



111 



i) . One always has H^(Q) C i/ 1 (0). Therefore the implication follows from 



Lemma 15.21 



BIJ. Define F: (D(£), \\ ■ \\ m{Q) ) -> R by 



F(V) 



it. 



We first prove that F is continuous. In order to prove this, it suffices to show that ker F 
is closed in (D(£), || • ||jji(fi)). Let Ui,u 2 , ■ ■ ■ G kerF, u G -D(£) and suppose that limw n = u 
in H x {yi). Then for all e > there exists an iV G N such that J n |V(w n — u m )\ 2 < e for all 



n,m > N. If c > is as in (ii) , it follows that J r \u n — u m \ 2 < ce for all n,m > N, where we 



used that L (u n — u m ) = F{u n — u m ) = for all n,m G N. So the sequence Wi|r CT , w 2 |r CT , • • • 
is a Cauchy sequence in L 2 (r CT ). Hence Ui,u 2 , ... is Cauchy sequence in H^(Q). Since the 
space -f^(O) is a Hilbert space, the Cauchy sequence converges. Therefore there exists a 
u G H^iVL) such that lim« n = u in H^(Q). Then lim?/ n = -u in L 2 (0), so « = u G ff*(0). 
But Tr is continuous on H^(T). So limTrtt n = Tru in L 2 (r (J ). Then 

/ u = (TrM,l r J L2(rCT) = lim(Trw n ,lr CT )£ 2 (rv) = lim F(u n ) = 0. 
Jv a 

So kerF is closed and F is continuous. Hence there is a c' > such that |(w|r CT )rJ 2 < 
^IMIiWfi) f° r au M e -ff 1 (0) fl C(O), where (v5)r CT = ^tfi Jr ^ denote the average of tp for 
all <p G Li(r CT ). Finally, let u G F" x (0) n C(O). Then 



M 



|w- Hr CT )rJ + / |(w|r CT )r CT 
r CT Jv a 



< c [ |v«| 2 + iHOrjMr.) < (c + c'^r^f / |w| 2 + / 

Jn y Jn Jn 



u\ 



and 
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is valid. 



If (i) is valid, then F^(O) is compactly embedded in L 2 (0) by Lemma f5.4[ Since O is 



connected, it follows that O has property (P). 



ii) . If c > is as in (iii) , then 



/ l«-H r(T >rJ 2 < / \u-(u) n \ 2 <c( f\Vu\ 2 + f\u-(u) n \ 2 ) 
Jv a JY a v Jn Jn / 



for all u G F^ 1 (0) fl C(O). Since O has property (P), the implication 



(iii) 


=> 


(ii) 



follows. 



(ii) 


=> 


(iv) 



. Suppose (iv) is not valid. Then G <T ess (Fo). It follows from Propo- 



sition 14.11 that for all n G N there exists a <p n G D(D ) such that L (p n — and 
< (D ip n , l ~Pn)L 2 {T a ) < ^ J* r |</?n| 2 - Next there exists a unique -u n G ^(O) such that 
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Tru n = (p n and J n Vu n ■ Vv = (D Q ip n ,^v) L ^ r ) = (A) V?n,Tr v) L2{Tiy) for all v G Hl(Q). 



Therefore J n \Vu n \ 2 = (D cp n ,ip n ) L2 (p^ < i J r |Tr« n | 2 . So (ii) is not valid. Therefore 



IV 



IV 



ii) . Let £ c and £ c be the closed positive symmetric forms associated with D 



and .Do- Since G" <7 eS s(-Do) it follows from Proposition 14. II that there is a /i > such that 
£ c (f) > /^/ r Iv 9 ! 2 f° r an V 9 G -D(/ c ) with J r (/? = 0. So by |AEj Theorem 2.5 it follows 
that £(u) = £ c (Tru) = £ c (Tru) > // / |Trw| 2 for all u G (kerTr)^ C Hffi), where the 

orthoplement is in the Hilbert space H^(Q) and £ is as in ([7]). Now let w G H^(Q) with 
J r Tr-u = 0. Write u = u± + u 2 with w^ G (kerTr)- 1 and u 2 G kerTr . Then J r Trtti = 0. 

Moreover, £(ui,u 2 ) = (ui,u 2 )Hi(n) = 0. Therefore 



£{u) = £( Ul ) + £{u 2 ) > £{ Ul ) > (i / \Trm 



/i / |Tru| 



a 



So (ii) is valid. This completes the proof of the theorem. 

Theorem 11.21 characterizes when every element of i/ 1 (fi) has a unique trace. 

is valid then the semigroup S is irreducible by 



Proof of Theorem dH If (i 



or 



Theorem 11.11 and Proposition 14.11 Therefore 



rem l6.ll 



iM=> v 



follows from Theorem 12.41 



. If (v) is valid, then the trace on f2 is unique. Then (ii) follows from Theo- 



ii, 



m 



iv. 



7»p 



This is similar to the proof of (ii) => (iii) in the proof of Theorem [67T 
iv)f is trivial. 
If 



iv. 



is valid, then the trace on fi is unique. Then 



Theorem 16.11 



follows from 

□ 



7 Compact trace 

In the previous section we investigated when the trace is bounded from if 1 (fi) into ^(r). 
Now we want to characterize when the trace is compact. 

Proposition 7.1 The following are equivalent. 

(i) The Dirichlet-to-Neumann operator Dq has a compact resolvent. 

(ii) The map j; D(£) —¥ L 2 (T) defined by j(u) = u\r is compact. 

(iii) The trace on Q is unique and the map Tr is compact (from H^(Q) into L 2 (T)). 

(iv) Every element in H 1 (Q) has a unique trace and the map Tr:i^ 1 (fi) — > L 2 (T) is 
compact. 



Proof '(i) w(ii) '. Let £ c be the closed positive symmetric form on L 2 (T) associated with 
D . Then D has compact resolvent if and only if the embedding from D(£ c ) into L 2 {T) 
is compact. Let V be the completion of D(£), where D(£) has the (usual) norm u i— y 



/ n |Vu| 2 + / r 



\u\ 



1/2 



. Let j: V — > L 2 (T) be the continuous extension of the map j. Then 



D(£ c ) = j((ker j) -1 ), with the quotient norm of (ker j) 1 - by [AE] Theorem 2.5. Therefore 
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the embedding from D(£ c ) into I/ 2 (r) * s compact if and only if j|( ker j)±: (ker j) 1 - — > L 2 (r) 
is compact. The latter map is compact if and only if j is compact and clearly that is 
equivalent with the compactness of the map j. 

If Dq has compact resolvent then (jL (t css (Dq) 



iv. 



Hence every element of 
H l (Q) has a unique trace by Theorem 11.21 Moreover, the norms on i7 1 (f2) and H^(Q) 



are equivalent. So by 
compact. Then 



the map Tr \ H1 , 
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m, 



ii?!(n)> 



->> L 2 {T) is 



follows by density. 



ii) is trivial. 



D 



Corollary 7.2 If the Dirichlet-to- Neumann operator D has compact resolvent, thenH 1 ^) 
is compactly embedded in L 2 (fi). 

8 Robin boundary conditions for the Laplacian 

Finally we wish to consider Robin boundary conditions with a possibly negative measure. 
For all (3 £ R define the symmetric densely defined form ap by 

ap{u, v) — / Vw • Vi> — j3 I u v 
Jn Jt 

with form domain D{ap) = H 1 ^) n C(U). 

Proposition 8.1 

(a) Every element of H l (Q) has a unique trace if and only if there exists a (3 > such 
that the form ap is lower bounded. 

(b) The map Tr is compact if and only if for all (5 > the form ag is lower bounded. 



Proof Statement 



ment (b) 



is easy, by Theorem [T3 |(iii) w (iv) , so it remains to prove State- 
This is as in [AMJ Proposition 2.2. '^='. Let Mi,u 2 ,... £ H^(VL) and 
suppose that limw n = weakly in H^(Q). We shall show that limTrw n = in £ 2 (r). 
Let e > 0. There exists an M > such that J Q \Vu n \ 2 < M for all n £ N. Note that 
H 1 ^) = H^(Q), with equivalent norms, by Statement 
/? = — , it follows from the assumption that there exists a c > such that 



and Theorem I6.ll Choosing 



Trw < tt / Vu +c / |u| 

1 " Mj n l ' y n 



first for all w £ iJ 1 (fi) fl C(O) and then by continuity for all u £ H 1 ^). Then 



iTr-uJ 2 < e + c\\u n " 2 



L 2 (fi) 



(9) 



for all n £ N. Since the embedding of the space H^(Q) into L 2 (fi) is compact by Lemma EH 
one deduces that limw n = strongly in L 2 (Q). Therefore one deduces from (jUJ) that 
limsup ||Tr-u„||| , F n < £ and the proposition follows. □ 
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We suppose for the remaining part of this section that every element of if 1 (f2) has a 
unique trace. Let 

ft = sup{/3 > : the form dp is lower bounded} G (0, oo]. 

One has ft = oo if Q is a Lipschitz domain, but in general ft < oo, see Example 19.51 It 
follows that ci/3 is lower bounded for all (3 G (— oo, ft). Let R^ be the associated operator. 



Proposition 8.2 Let f3 G (-oo,ft) and u, f G L 2 (fi). T/ien u G D(R^) and R^u = f 
if and only if u G if 1 (0), —Am = f, u has a normal derivative in L 2 {Y) and fjj = /3Trit. 

Proof '=>'. Let ft G (ft ft). Then ag a is lower bounded, so there exists a 71 > such 
that aft (u) > -71 ||u||£ 2(n) for all w 6 // 1 (fi)nC(n). Then ft / r \u\ 2 < f Q |Vii| 2 + 7i f a \u\ 2 
and 

(ft - ft f \u\ 2 < [ \Vu\ 2 -p [ \u\ 2 + 7l / \u\ 2 = a p {u) + 71 / M 2 (10) 

for all k G H 1 ^) fl C(fi). There exists a Cauchy sequence 1x1,1*2, • • • in D(ap) such that 
limit„ = u in L 2 (fi) an d lima^itn, v) = (/, v)i 2 (n) f°r all u £ -ff 1 (fi) fl C(O). Then 
sup ap{u n ) < 00 and sup J n |w n | 2 < 00. So by (1T0~|) also sup L |ii n | 2 < 00 and subsequently 
sup L |V-u n | 2 < 00. So (w n )neN is bounded in i7 1 (fi) and (w n |r)neN is bounded in L 2 (r). 
Without loss of generality we may assume that the sequence (u n ) ne ^ is weakly convergent 
in H 1 ^) and ("U n |r)neN is weakly convergent in L 2 (T). Since limw n = u in L 2 (fi) it 
follows that u G // 1 (r2). Then u G H^(^) by Lemma 15.21 Therefore u G H l (Vt) by 



Proposition 1571 (a) and Theorem 16. II Then 

/ Vm • Vi> — ft I (Trit) v = lim ap{u n , v ) = / / 1> 

for all 1; G if 1 (fi) fl C(fi). Therefore —Au = f, u has a normal derivative in L 2 (T) and 
§2 = ftTrw. 

'<='. There exist iii,u 2 ,... G H 1 ^) fl C(fi) such that limif n = u in if 1 (fi) and 
liniM„|r = Trix in L 2 (T). It follows from the definition of |^ that 

lim aa(u ni v) — I Vit • Vi> — /5 / (Tr w) 1; = / / u 

n ^°° 7n ir in 

for all u G H 1 ^) fl C(fi). Moreover, limit n = u in L 2 (f2) and iti,w 2 , ... is a Cauchy 
sequence in D(ap). So mG D(R^) and R^'u = f . □ 

If /? G (—00, ft) then R^> has compact resolvent by Lemma [5.41 and [AEj Lemma 2.7. 
This has consequences for the Dirichlet-to-Neumann operator. 

Proposition 8.3 If (3 G (0, ft), then dimker(Z} — PI) < °° an d a p (D ) fl [0, ft is finite. 

Proof Let TV G N, ft, . . . , ftv G (0, ft and y?i, . . . , y?jv be an orthonormal system in L 2 (r) 
such that -DoV^n = ft V 9 " f° r all n G {1, . . . , N}. Then </? n G L 2 (T a ) since ft 7^ 0. For all 
n G {1, . . . , iV} let u n G -ff^(^) be the unique element such that Tr u n = ip n and 

V«„ • Vv = ft / <^n Tr d 
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for all v e H$(n). Then 



Vu n ■ Vu m = (3 n / if n ip m = f3 n S n 

n Jv 



and 

(u n , U m ) H l(Q.) = {Pn + 1) S nm 

for all n,m G {1, . . . ,N}. Therefore u±,...,un is linearly independent in H^(Q). Let 
ax, . . . , «tv ^ IR- Then 

AT at N 

n=l n,m=l "^ ^ r ' n=l 

Therefore 

spanjtt!, . . . , u N } C{«G Hl(VL) : o^(m) < 0}. 

Since i?^ has a compact resolvent, the right hand space is finite dimensional. This proves 
the proposition. □ 

9 Examples 

In this section we give two striking examples of connected bounded open sets with a 
continuous boundary such that the Dirichlet-to-Neumann operator does not have compact 
resolvent. In both examples the trace on Q is unique. In one example every element of 
H l (Q) has a trace, in the other one not. 

We first collect some known properties for domains with continuous boundary. The 
last two statements use that Q is connected. 

Proposition 9.1 Suppose Q has a continuous boundary. Then one has the following. 

(a) The space H\n) n C°°(n) is dense in H x {n). So m particular H 1 ^) = H X (Q). 

(b) The space H 1 ^) is compactly embedded in L 2 (fi). 

(c) The space Q has property (P). 



Proof Statement (a) is in |Mazj Theorem 1.1.6/2 and Statement (b) is in |EEj Theo- 
rem V.4.17. Therefore Q has the (Neumann type) Poincare property, which is in this case 
property (P). □ 

We do not know, though, whether the trace on Q is unique if Q has continuous boundary. 

In the first example we explicitly give an element of H 1 ^) which does not have a trace. 

Example 9.2 Let 

Q = {(x, y) E R 2 : < x < 1 and - x 4 < y < x 4 }. 

Clearly the set Q is open, connected and the 1-dimensional Hausdorff measure of the 
boundary of Q is finite. Also Q has a continuous boundary. Therefore H 1 ^) = H 1 ^) 
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and H l (Q) is compactly embedded in L 2 (Q). Moreover, the trace on 572 is unique since 
T \ {(0, 0)} is locally Lipschitz. Define u: Q — > R by u(x, y) — -. Then u G iJ 1 (fi). Since 



\u(x, x 4 )\ 2 a/1 + (4x 3 ) 2 dx = oo, 
o 

it follows that u does not have a trace. In particular the Dirichlet-to-Neumann operator 
does not have compact resolvent by Proposition 17.11 

It follows that the semigroup S generated by — D is not compact. Therefore S t does 
not have a bounded kernel for all t > 0. Hence St does not map L 2 (T) into L 00 (r). Since 
S is submarkovian, this implies that S is not ultracontr active. In particular, there does 
not exists a g > 2 such that u \— > u\r maps H 1 ^) D C°°(f2) into L q (T). 



The next estimate is used in Example 19. 5[ but is also of independent interest. 
Lemma 9.3 Let e%, e 2 G R 2 with ||ei|| = 1 1 <s^ 1 1 = 1 end |(ei, e2)| 7^ 1- £e£ a, > and set 

Q = {sei + te 2 : s e (0, a) and £ G (0,6)}. 
Then 



r \ u (s ei )\ 2 ds < i -\\ [ \ u \ 2 +b f iv 

Jo " v /l-|(e 1 ,e 2 )| 2 V6 7 Q l i n 

for all ue H^tynCity. 

Proof Let s G (0, a) and t G (0, 6). Then 



ni 2 



tt(sei) = u(sei + t e 2 ) — / e 2 ■ (Vu)(sei + r e 2 ) dr 

Jo 



and therefore 



Ksei)| 2 < 2\u(s e t + t e 2 )\ 2 + 2t / |(V«)(s e x + r e 2 )| 2 dr. 

Jo 

Hence integrating with respect to t over (0, 6) and dividing by b yields 

c\ rb rb 

Ksei)| 2 <-/ \u{sei + te 2 )\ 2 dt + b I \{Vu){se x + r e 2 )| 2 dr 
b Jo Jo 



ra rb 

j j \{Vu)(sei + re 2 )\ 2 drds 
Jo Jo 



pa c\ pa 


rb ra rb 

/ \u(s e\ + t e 2 )\ 2 dt ds + 0/ / 
Jo Jo Jo 

1 ( 2 f U,.\ 2 + h f \X7n\A 


V^ 


\(eue 2 )\i\bj n l 7 n ' { J 



by a change of variables. □ 
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Lemma 9.4 Let a G (0, 1]. Define 

Vl = {(x, y) G R 2 : < y < a and \x\ < a 2 — ay}. 
Let V = {u G H\Q) n C(H) : M|[_ a 2 ja 2 ]x{0} = 0}. Then 

1 rll T H 12 



< sup { " L2(r) :«67\{0}}<2. 

^ W rjl / n \ J 



3 v II "11^1(0) 

Proof Define u: Q — >■ [0, oo) by u(x,y) = y. Then u G V. Moreover, J Q |u| 2 = y, 
J n |Vw| 2 = a 3 and J r |Trw| 2 = | a 3 vl + a 2 . Therefore ||Trw|| 2 2 / r ^ > | ll u ll#imy This 
proves the first inequality. 

Next let u G V and t G [0, a]. Then u(a 2 — at,t) = L u y (a 2 — at,s) ds. So 



\u(a 2 



at,t)\ 2 <t |(Vw)(a 2 -at,s)\ 2 ds <a |(Vw)(a 2 - at,s)\ 2 ds. 
Jo Jo 



Hence 



f-a r-a r-t 

Vl + a 2 / \u(a 2 - at,t)\ 2 dt<a^Jl + a 2 j I \(Vu)(a 2 - at,s)\ 2 dsdt 
Jo Jo Jo 

= Vl + a 2 / |Vu| 2 , 
Jn+ 



where fi+ = Q, n ((0, oo) x R). So J r |Tr w| 2 < y/1 + a 2 f n \Vu\ 2 , and the lemma follows. □ 

We next give an example of an open connected bounded set Q in R 2 with continuous 
boundary, such that every element of H l (Q) has a unique trace, H 1 ^) is compactly em- 
bedded in £2(0), but the Dirichlet-to- Neumann operator does not have compact resolvent. 

Example 9.5 Let fi = (-1, 1) x (-1, 0) and for all n G N let 

^n = {( x ,y) E R 2 : < y < a n and \x — 2~ n \ < a 2 — a n y], 



where a n = 4~ n . (See Figure |2J) Let f2 = U^ =0 ^l n . Then fi is open, connected, the 
boundary is continuous and <j(T) < 00. 

We show that every element of H 1 ^) has a unique trace by showing that Condition 
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of Theorem 11.21 is valid. Since the set flo is Lipschitz, it has the extension property. 

Therefore there exists a linear map E: i/ 1 (fio) x C(Qq) — > H 1 (R 2 ) x C(R 2 ) and a constant 

ce > such that (Eu)\n = u and ||£ , w|| 2 ^ 1 / R 2n < ce ll'^lllrirn ) f° r an M e -^ 1 (^o) x C(^o)- 

Let u G F x (^) n C(H). Set u = u|j^ and iw = £to. Then iw G /^(R 2 ) x C(R 2 ) and 

(u - w)\n n G H l (Q n ) n C(fi n ) with (w - w)\ [2 -n_ a 2 j2 -n +a 2 ]x{0} = for all n G N. Then 

\u\ 2 < \u\ 2 + \u\ 2 < / \u\ 2 + 2 \u-w\ 2 + 2 \w\ 2 . (11) 

We estimate the three terms in ( 11 ip . 
First, it follows from Lemma [9.31 that 



an 



\u\ 2 < 8\\u\\ 2 Hl(no) <8||u||^i (n) . 
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Figure 2: The domain in Example 19.5 



Secondly, by Lemma 19.41 one deduces that 

» oo „ oo 

2/ |u-w| 2 <2V/ \u-w\ 2 <4V||w- 

Jr\an n=1 ./an„ n=1 



»• 



Hi(n„) 



But 

So 



2 



< 4||« - Hlffipi) < 8||u||^i (n) + 8||w||^i (n) . 



< ||^||ffi( R 2) < c E ||v|| H i (no) < c E \\u\\ H i m . 



\u-w\ 2 < 8(1 + c E )\\u\\ 2 H i 



r\ao 



{ay 



Therefore it remains to estimate the last term f r \ dn \w\ 2 in ffTTj) . Let n e N and set 
Q; = {(2-" - a 2 , 0) + s -7=r(on, 1) + * -Wl, -1) : a 6 (0, o n ^1 + «£) and t E (0, 1)}. 

Let rl° = 9fi n n ((-oo,2~ n ) x (0,oo)). Then li° = dW n n ((-oo,2- n ) x (0,oo)) and it 
follows from Lemma [9.31 that 



(0 



M 2 <4\\w\\ 2 Hl{n , n) 



and therefore, again by disjointness, 



oo „ 

J2 / m \ w \ 2 - 4 W w \\hhr1) < 4c E \\u\\ 2 h i 



(siy 



A similar estimate is valid on the right top boundary of dQ n . Combining these partial 
estimates with ([Til one deduces that 



|u| 2 <(16 + 24c E )|| M || 2 m 



ffi(n)- 
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So by Theorem 11.21 every element of H l (Q) has a unique trace. 

For all n G N define u n G H 1 ^) D C(fi) by w n (x, y) — y %j-(aj, y). Then it follows from 
(the proof of ) Lemma I9T41 that ||Tr ri„,|| f, 2 (r) > § H u n||#imv Since the norms on H 1 ^) and 
H^(Q) are equivalent and the functions Wi, U2, ■ ■ ■ have disjoint support, it follows that Tr 
is not compact. Therefore the Dirichlet-to-Neumann operator does not have a compact 
resolvent. 
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